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Abstract

Purpose – The purpose of this paper is to numerically model electro-osmotic flow (EOF), Joule
heating and heat transfer in a channel filled with an electrolyte and to introduce a consistent
non-dimensional scaling.

Design/methodology/approach – The finite element method along with a fractional step method
is employed. Empirical relations for temperature dependent viscosity, electrical and thermal
conductivities are also employed. Unstructured meshes are used in the numerical calculations.

Findings – The consistent scaling introduced in the present study is a better and easier way of
modelling Joule heating effects in EOF.

Originality/value – The non-dimensional scaling proposed is novel and consistent. The novelty is
also introduced in the solution procedure as this is used for the first time to tackle EOF with Joule
heating and conjugate heat transfer.
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Nomenclature

Bi ¼ Biot number
E ¼ external electric field vector
J ¼ non-dimensional momentum parameter
k ¼ thermal conductivity
kb ¼ Boltzmann constant ð1:381 £

10223 J=KÞ
n0 ¼ bulk concentration of ions

(6.022 £ 1019 to 6.022 £ 1021)
p ¼ pressure (N/m2)
t ¼ time (s)
u1 ¼ velocity component in direction 1
z ¼ valence of ion (1)
b ¼ artificial compressibility parameter

(m/s)
e0 ¼ permittivity of the vacuum

(8.85 £ 10212 F/m)
m ¼ dynamic viscosity of the fluid (N m/s2)
f ¼ external electric potential (V)

rE ¼ power density
z ¼ Zeta potential (V)
cp ¼ specific heat at constant pressure
e ¼ electron charge (1.602 £ 10219 C)
Ju ¼ non-dimensional energy parameter
ka ¼ ratio of electric double layer (EDL)

thickness to width of channel
L1 ¼ reference length (m)
Pr ¼ Prandtl number
T ¼ temperature (K)
u ¼ velocity vector (m/s)
x ¼ coordinate axes (m)
e ¼ dielectric constant (78.5)
l ¼ electrical conductivity (S/m)
v ¼ dynamic viscosity (m/r) (m2/s)
c ¼ electric potential generated by

electro-osmosis (V)
r ¼ fluid density (kg/m3)
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1. Introduction
Electro-osmotic flow (EOF) is used as pumping, valving, mixing, splitting and
delivering mechanisms in “lab-on-chip” devices for biological and chemical analyses
and medical diagnoses (Bianchi et al., 2000; Dutta and Beskok, 2001). It is also used in
cooling of electronic equipment (Jiang et al., 2002; Zeng et al., 2001). In both the biological
and electronic cooling applications, Joule heating can be a major difficulty depending on
the electrical conductivity of the electrolyte used and the applied external electric field. In
biological applications, the increased use of low cost, but poor heat conductors (Erickson
et al., 2003), poses the problem of heat dissipation. In electronic cooling applications,
Joule heating increases the temperature of the coolant and imposes an extra burden on
the cooling system. Thus, Joule heating and the dissipation of such is one of the major
challenges currently faced by heat transfer engineers. The numerical modelling of Joule
heating helps to estimate the approximate in-crease in the electrolyte temperature and
thus leads to a better device design to dispose the heat generated. In biological (Erickson
et al., 2003) and other applications (Arnold, 2007), the presence of conjugate heat transfer
is apparent. Thus, a numerical model should include strategies for dealing with the heat
conduction in the surrounding solid, in addition to EOF.

A limited number of modelling studies have been reported on Joule heating and
different non-dimensional scalings have been adopted in these studies (Zhao and Liao,
2002; Erickson et al., 2003; Tang et al., 2003, 2004b, a; Xuan et al., 2004; Huang and Yang,
2006; Tang et al., 2006; Chein et al., 2006; Tang et al., 2007). Though, the scalings used in
these works are correct, some of them may not always be convenient and are not
sufficiently general to use. In isothermal EOF calculations, the scales introduced,
including the ones by the authors (Arnold et al., 2008a, b; Singh et al., 2008), can be difficult
to interpret in the presence of heat transfer. This is due to the fact that the non-dimensional
parameters identified are not independent of each other. Some of the reported studies use
different scales for EOF potential and the external potential (Erickson et al., 2003) and such
inconsistancy can also make the interpretation of the results difficult. Some other studies
use non-dimensional parameters that are defined in terms of the applied external potential
(Zhao and Liao, 2002). This can also be inconvenient as any change in external potential
boundary condition needs to be represented by the non-dimensional parameter. Thus, we
propose a non-dimensional scaling scheme that is often adopted in the natural convection
and conjugate heat transfer studies (Nithiarasu et al., 1998; Nithiarasu, 2008). This scaling
is general and can be extremely useful and does not change with the boundary conditions
or other variable parameters.

The numerical approach employed here is of an unstructured mesh form and is
based on an implicit-explicit arrangement (Singh et al., 2008). In such an approach, the
electric potential equations are solved using an iterative solver and the remaining
equations are solved using a fully explicit time stepping algorithm. This combination
makes the application of flow boundary conditions easier than for other fully implicit
type approaches. At the fluid-solid interface, the mesh is sufficiently refined to
approximate the flux and temperature continuity.

2. Mathematical model
An electric field is defined as electric force per unit charge. The strength of such a field
is determined from the divergence of the electric field as:

7 · lE ¼ 0 ð1Þ
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where l is the electrical conductivity and the electric field E is defined as:

E ¼ 27f ð2Þ

where f is the electric potential. Thus, the equation governing the external electric
potential may be written as:

7 · ðl7fÞ ¼ 0 ð3Þ

The electric field generated by uneven distribution of ions near a solid wall may be
expressed using a Poisson equation. Since this process is of a generation type, the
equation involves a source term that is a function of the charge density, i.e.:

7 · ðe7cÞ ¼ 2
rE

eo
ð4Þ

The charge density rE, is related to the ion concentration. Often, a Boltzmann type
distribution is assumed for the ion concentration. Assuming a symmetric electrolyte,
the charge density may be written as:

rE ¼ 22n0ze sinh
zec

kbT

� �
ð5Þ

Thus, the Poisson-Boltzmann equation governing the electric potential may be
written as:

7 · ðe7cÞ ¼
2n0ze

eo
sinh

zec

kbT

� �
ð6Þ

The artificial compressibility form of the modified Navier-Stokes equations written in a
non-conservation form may be written as follows:

Continuity equation:

1

b 2

›p

›t
þ r7 ·u ¼ 0 ð7Þ

Momentum equation:

r
›u

›t
þ u ·7u

� �
¼ 27pþ 7 · t2 rEE ð8Þ

where:

t ¼ mð7uþ 7uTÞ ð9Þ

and the energy equation is:

rcp
›T

›t
þ u ·7T

� �
¼ 7 · ðk7TÞ þ ljEj

2
ð10Þ

where the last term in the above equation represents Joule heating. Equations (1),
(6)-(8), and (10) along with appropriate boundary and initial conditions, govern EOF
through micro-channels. It is also important to note that the electrolyte properties,
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such as electrical conductivity (l), dielectric constant (e ), viscosity (m) and thermal
conductivity (k) can also be a function of temperature.

3. Non-dimensional form
Unlike the previously used scales, the following non-dimensional scales are consistent
and general. Since actual flow velocities are not known a priori, calculating a Reynolds
number a priori is therefore not possible. Thus, the scales should be selected in such a
way as to avoid introducing a Reynolds number into the non-dimensional form. It is also
important to have a consistent scale for both the external potential and the potential
generated by the clustering of ions close to the walls. Bearing in mind the above points,
the following scales are selected to non-dimensionalise the governing equations:

f* ¼
f

f1

; c* ¼
c

f1

; b* ¼
bL1

a1

; u* ¼
uL

a1

;

t* ¼
ta1

L2
1

; p* ¼
pL 2

ra2
1

; T* ¼
T 2 T1

T1

ð11Þ

where:

a1 ¼
k1

ðrcpÞ1
ð12Þ

and the subscript 1 indicates a reference quantity. Assuming f1 ¼ kbT1=ze and
substituting the above scales, we obtain the non-dimensional form of the equations as:

Laplace equation:

7 · ðl*7f*Þ ¼ 0 ð13Þ

where l* ¼ l=l1.
Poisson-Boltzmann equation:

7 · ðe*7c*Þ ¼ ka 2sinh
c*

T* þ 1

� �
ð14Þ

where:

e* ¼
e

e1
; ka ¼

2n0z
2e 2L2

1

e1e0kbT1

 !1=2

ð15Þ

The non-dimensional form of the momentum equation is:

›u*

›t
þ u* ·7u*

� �
¼ 27p* þ Pr7 · t* þ J sinh

c*

T* þ 1

� �
7f* ð16Þ

where:

n* ¼
n

n1
; J ¼

2n0kbT1L
2
1

a2
1r

; Pr ¼
cpm1

k1
; t* ¼ n*ð7u* þ 7u

*T Þ ð17Þ
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Finally, the non-dimensional form of the energy equation may be written as:

›T*

›t*
þ u* ·7T*

� �
¼ 7 · ða*7T*Þ þ Ju l* 7f*

�� ��2 ð18Þ

where:

a* ¼
a

a1

; Ju ¼
l1k

2
bT1

k1z2e 2
; l* ¼

l

l1
ð19Þ

In the present work, the electrical conductivity, viscosity and thermal conductivity are
assumed to be temperature dependent. The temperature dependent relationships are
given as.

The electrical conductivity of the electrolyte:

l*ðTÞ ¼
l

l1
¼ ½1 þ g*T 2 T1� ¼ ½1 þ g*T*T1� ð20Þ

where g * is the slope (g * < 0.025 (Tang et al., 2004b)).
The temperature dependent viscosity for the fluid is given as:

n*ðTÞ ¼
n

n1
¼

0:00276

n1
exp

1; 713:0

T

� �
1:0 £ 1026: ð21Þ

and the temperature dependent thermal conductivity ratio for the fluid is:

a* ¼
kf
k1

¼
ð0:61 þ 0:0012T1TÞ

k1
ð22Þ

and for the solid:

a* ¼
ks

k1
¼

ð1:38 þ 0:0013T1TÞ

k1
ð23Þ

The reference thermal conductivity k1, used in this study is assumed to be the thermal
conductivity of the electrolyte at the reference temperature.

The important non-dimensional parameters identified above include the Prandtl
number, Pr, and the parameters J, Ka and Ju. As seen, these parameters are defined
using properties of the fluid and geometry that are known a priori for the electrolyte
and the geometry used. Thus, determining these parameters independent of each other
is straight forward, unlike many other scales commonly employed in the literature.
Table I lists various parameters, reference quantities and their values.

4. Solution procedure
It is clear from the previous section that the independent variable, time, appears in
some equations but the equations governing the electric fields are time independent.
Thus, we solve the electric field equations using a GMRES solver (Singh et al., 2008).
To overcome standard difficulties, a fractional step algorithm involving three steps
and the energy equation may be written as (asterisks are dropped from the
non-dimensional equations for simplicity):
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(1) Intermediate momentum:

D ~u

Dt
þ un ·7un

� �
¼ Pr7 · t nþu1 þ J sinh

c

T þ 1

� �nþu

7fnþu ð24Þ

where D ~u ¼ ~u2 un and ~u is an intermediate velocity field.

(2) Pressure calculation:

ð1 2 u2Þ
1

b 2

� �n
Dp

Dt
2 Dt72pnþu2 ¼ 27 · ~u ð25Þ

(3) Momentum correction:

unþ1 2 ~u

Dt
¼ 2Dpnþu2 ð26Þ

Energy equation:

DT

Dt
þ un ·7T n

� �
¼ 7 · ða*7T nþu1 Þ þ Juðlj7fj

2
Þnþu ð27Þ

In the above equations u1 and u2 vary between 0 and 1 depending on whether
equa-tions are treated explicitly, implicitly or semi-implicitly. All the results given in
the present work are generated by assuming u ¼ u1 ¼ u2 ¼ 0 (Arnold et al., 2008a, b;
Nithiarasu, 2003; Nithiarasu et al., 2004, 2007; Nithiarasu, 2005; Zienkiewicz et al., 2005;
Mynard and Nithiarasu, 2008).

5. Numerical examples
The problem considered here is shown in Figure 1. This is a conjugate heat transfer
problem with convective heat transfer boundary condition at the top surface.

Parameter Value

a1 0.146 £ 1026 m2/s
e1 78.5
J 0.1-220 (micro-channel size between 1 and 100mm)
Ju 0-1022 (depending on the reference electrical

conductivity)
Ka 10-80
K1 0.6138 W/mK
l1 0.2 S/m
V1 0.8666 £ 1026 m2/s
fin; fout 134.4; 0.0 (equal to an electric field of 11.679 kV/m)
Pr 5.877
z 23.7 (corresponding dimensional value is 95 mV)
T1 298 K

Table I.
EOF and Joule heating
parameters
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The electrolyte is assumed to flow in the rectangular channel subjected to an external
electric field along the channel. The temperature of the electrolyte entering the inlet is
assumed to be at 298 K. Owing to the symmetry along the centre of the channel, only
half of the geometry is used in the calculations as shown in Figure 1. The total length of
the channel is ten times the channel width. The non-dimensional boundary conditions
for the electric potentials are finlet ¼ 136.4 and fexit ¼ 0.0 and the wall (z) of 23.7 has
been used as the boundary condition for c. The channel wall is assumed to be
electrically insulated for the external potential and both the inlet and exit boundaries
are assumed to have zero flux conditions for c. The non-dimensional velocity
components on the solid walls are assumed to be zero and the horizontal velocity
gradients at inlet and exit are also assumed to be zero. The cold fluid flowing into the
channel is assumed to be at a non-dimensional temperature of zero (reference
temperature). Apart from the top surface of the solid, the other two side surfaces of
the solid part are assumed to be insulated (hatched sides in Figure 1). The fluid flow
exit is also assumed to be insulated. On the top surface, convective boundary
conditions are assumed and the convective condition in a non-dimensional form is
given as:

›T

›n
¼ BiT ð28Þ

where n is the normal direction to the top surface and Bi is the Biot number, given as
hL1/k1 with h being the heat transfer coefficient.

Figure 2 shows a part of the unstructured mesh used in the calculations. As seen the
mesh is refined close to the fluid-solid interface in order to accurately represent the flow
and interface heat transfer. A total of about 15,000 elements are used in the fluid part
and about 7,000 elements are used in the solid part.

Two different scenarios are considered here. The first one studied is the channel flow
without including the solid part of the domain (i.e. without the hatched portion of the
domain in Figure 1). In this case, the top side of the channel wall and the channel inlet
temperature are assumed to be constant and equal to the reference temperature. This
exercise is to predict the increase in temperature with respect to a change in the
parameter, Ju, in the absence of conjugate heat transfer. All other parameters are
assumed to be constant ( J ¼ 30). Figure 3 shows the non-dimensional temperature
distribution at different horizontal locations for different values of Ju. As seen, the
temperature variation is quite rapid close to the inlet and the profiles are almost

Figure 1.
Domain and boundary

conditions

Convective heat transfer boundary condition

Insulated boundary

Solid

Axis of symmetry

FluidT = 0
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Figure 2.
A short section of the
unstructured mesh used

Figure 3.
Development of
non-dimensional
temperature with
change in Ju
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developed at around a non-dimensional distance of 2.0. Since the flow parameters, such
as the zeta and external potentials, are fixed then the developing length is almost
identical for all three Ju values studied. It is also apparent that an order of magnitude
increase in the non-dimensional temperature is observed for an order of magnitude
increase in the Ju value. The maximum dimensional temperatures obtained are: at
Ju ¼ 0.00001, Tmax ¼ 298.06 K; at Ju ¼ 0.0001, Tmax ¼ 298.7 K and at Ju ¼ 0.001,
Tmax ¼ 306.1 K. Figure 4 shows the non-dimensional temperature distribution along the
axis of symmetry. It is again confirmed here that the development length is around 2.0.

The second scenario considered is that of the full conjugate heat transfer problem.
The Biot numbers used in the calculations are 10 and 100. Figures 5, 6 and 7
show the results obtained for Ju ¼ 0.00001 at Bi ¼ 10 and 100. The velocity and
external potential clearly indicate the non-linearity introduced. The temperature
distribution is smooth without any unusual oscillations close to the interface.
The convective boundary condition on the top side is also clearly evident. The
differences in temperature distribution at Bi ¼ 10 and 100 are clearly shown in
Figures 5 and 6.

Figure 7 shows the temperature distribution across the channel and in the solid part
of the domain at various locations along the length of the channel. The temperature is
almost constant in the fluid part at any section and it varies linearly in the solid
portion. It is also clearly evident from Figure 7 that the temperature on the top wall
approaches the reference temperature as Bi is increased.

6. Conclusions
Modelling of Joule heating in an EOF field is demonstrated using a consistent and
standard non-dimensional scale. The scales used are clearly general without the need
for prescribing a velocity-based Reynolds number. The examples used include a
channel filled with fluid and subjected to conjugate heat transfer. The examples
demonstrate clearly that the proposed scales are simple to use and the non-dimensional
parameters are easy to determine from the properties of the fluid and from the
problems of interest.

Figure 4.
Temperature distribution
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Figure 5.
Conjugate heat transfer
in a channel

(a) External potential

(b) EOF potential

(c) Horizontal velocity

Notes: Contours of external potential, EOF potential, velocity and temperature Ju = 0.00001,
Bi = 10

(d) Temperature

Figure 6.
Conjugate heat transfer
in a channel

(a) External potential

(b) EOF potential

Notes: Contours of external potential, EOF potential, velocity and temperature Ju = 0.00001,
Bi = 100

(c) Horizontal velocity

(d) Temperature
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